Abstract: Existing approaches to simulate the bubble growth/collapse in viscoelastic liquids use the integral form of a constitutive equation, that can additionally be analytically integrated over the radial domain. Here we represent the process by a system of simultaneous partial differential equations, with fixed and finite boundaries. This enables a direct computer implementation with commercially available software, with little additional programming effort. The involved co-ordinate transformation preferably does not correspond to the material co-ordinates. The surrounding liquid can be simulated as being a finite film or of infinite extent, with simply a change in one computational parameter. We simulate hydrodynamically induced bubble dynamics in viscolelastic liquids, and estimate the flow strength (elongational strain rate) and its possible role in flow induced scission of polymer chains in liquids experiencing bubble collapse. Calculations are also performed to evaluate the influence of backbone and branch lengths when the surrounding fluid is a branched polymer melt, using the pom-pom model to describe the rheological behavior.
Introduction
Growth and collapse of bubbles in liquids experiencing pressure fluctuation is an important phenomenon in many situations. When subjected to acoustic waves, forced oscillations can be induced in initially quiescent gas filled bubbles that are suspended in liquids. Similarly, sudden pressure surge can induce such oscillations [1] [2] [3] [4] . In sufficiently intense situations, a bubble can grow to a maximum size (cavitate), and then collapse violently. The dynamics of such cavitation bubbles is the most crucial part of processes such as underwater jet cutting of metals [5] , ultrasound induced erosion, enhanced reaction rates and luminescence, etc. [6] Influence of high molecular weight polymeric additives on the suppression of cavitation characteristics have attracted much interest [1, 5] . In particular, the influence of fluid elasticity has been a matter of much debate [1] [2] [3] [4] [7] [8] [9] [10] [11] [12] . On the other hand, the stresses generated during cavitation collapse may be sufficient to cause scission of these high molecular weight additives, thereby opening up a number of possibilities with regards to control of molecular weight and its distribution, formation of copolymers, etc. [13] A technologically significant situation, where bubbles grow in strongly viscoelastic media, is polymer foaming: one of the fastest growing polymer processing techniques [8, 10, [14] [15] [16] [17] . The gases generated by the blowing agents contained in melts, when subjected to mold cavity at lower pressures, nucleate into bubbles that grow. These result in cellular plastics of low material costs, high strength to weight ratio, and wide range of properties that depend on bulk density, cell size, structure and connectivity. In such systems, it is important to be able to predict and control the growth rates, bubble size and their distribution, and their influence on mechanical properties. Another polymer processing situation involving bubble growth is the polymer devolatilization process. Here, bubbles containing vapors of the volatile components grow in polymer melts subjected to vacuum [18] . This is analogous to bubble growth in supersaturated liquids, as induced by solute diffusion to bubbles. The supersaturation can result from either a reduction in imposed gas pressure, or a change in temperature.
In addition to the above processes, the biaxial/uniaxial stretching during growth/ collapse of spherical bubbles is a good representation of the extensional flows occurring during blow molding, tubular film forming, melt spinning, vacuum forming etc. Therefore, the experimental determination of the rate of bubble collapse in molten polymers, as induced by the pressure difference between bubble and surrounding fluid, has been developed as a tool for measuring the elongational viscosity in polymeric systems of viscosity greater than 10 3 Pa·s [9, 19, 20] . The so acquired knowledge of flow behavior in elongational flows is useful in determining the applicability of constitutive equations that are indistinguishable on the basis of shear experiments alone. One important feature of many polymers is the increase in their viscosity with increasing extension rate and flow time. This extensional thickening phenomenon, desired in certain processing flows such as fiber spinning and film blowing, is often attributed to the existence of branches in the polymers. Though many phenomenological models [21] have been used in the past to represent extensional thickening, its understanding has been considerably improved by the recently introduced pom-pom models based on macromolecular motions [22] . These models relate the branching structures to the observed strain hardening behaviour in extensional flows [23] [24] [25] [26] , in addition to the commonly observed strain softening behaviour in shear flows. Thus, they offer the possibility of directly investigating the effect of such macromolecular microstructure on the bubble growth/collapse process. The importance of such a relationship can be concluded from the work of Andreassen et al. [27] who reported that branching in polypropylene leads to an enhanced melt strength desired for its foaming application. Similarly, Stafford et al. [28] found that the foaming characteristics of polystyrene using supercritical carbon dioxide are strongly determined by the presence of low molecular weight species in the polymer. However, no theoretical analysis of the bubble growth process in the past has considered the effect of such macromolecular characteristics.
Existing approaches to simulate the bubble growth/collapse in viscoelastic liquids involve use of the integral form of the constitutive equation that can be analytically integrated over the radial domain. We here present a fixed boundary system of simultaneous differential equations that enables direct computer implementation. A finite extent of surrounding fluid is first considered, freezing the moving inner and outer boundaries by a suitable co-ordinate transformation. Extension to the case of infinite extent of fluid is easily conducted by characterising the slow fluid deformation in the far field as Newtonian. We verify our implementation of this (along with a differential constitutive equation) by comparing our results with those of Brujan [12] obtained by a different numerical method and using the integral form of the same constitutive equation. Finally, we examine the behaviour of pom-pom polymers during the bubble growth process, and evaluate the influence of some possible macromolecular topologies.
Theory
We consider a stationary spherical gas bubble of radius R, placed concentrically in a finite or infinite pool of liquid. The hydrodynamically controlled bubble growth or collapse is initiated by a sudden change in the pressure in the surrounding liquid far away from the bubble. The gas inside the bubble behaves as a non-condensable gas that undergoes adiabatic expansion/compression in the incompressible liquid. The growth processes are generally complicated, involving simultaneous mass, momentum and energy transfer. Here, the influence of gas diffusion and heat conduction through the bubble wall are considered negligible. The fluid flow outside the spherical bubble (r > R) is defined by the following radial velocity profile 
where ρ is the liquid density. In the previously reported work on bubble growth/ collapse, Eq. (2) has been solved by substituting for u and then integrating from
This often required the availability of an analytically integrable (over r) expression of 
with radial deformation rate 
The material element can be followed by the substitution 3 / ) ( 
The success of this method largely depends on either starting with an integral constitutive equation [9] , or the ability to arrive at such an explicit expression for the stress tensor [2] [3] [4] 8, 12] . In addition, it should allow an analytical integration over the space domain as required in Eq. (3), else special numerical schemes are required [9] . An implication is that it becomes extremely difficult to solve the problem if one were to consider the time or space dependence of the physical properties of the fluid [12] . The differential form of the constitutive equation has also been used directly by Arefmanesh and Advani [10] , and Joshi et al. [16] , but they neglected the inertial terms (i.e., left hand side of Eq. (2)) and yet needed customized programming for a numerical solution due to the integral over space. Kim [11] solved the bubble growth problem using the differential form of the upper convective Maxwell fluid, using a Galerkin-finite element method where he also tracked the material position of the nodal points by an additional equation.
In this work, we use a PDE (partial differential equations) solver to simulate the EOM (Eq. (2)) and the differential form of the constitutive equation (like Eq. (4)), directly in the space and time domains. An integral form of the constitutive equation (like Eq. (6)) and its analytical integration over the space domain (as in Eq. (3)) are thus not required. We consider a gas bubble of radius R to be surrounded by a concentric shell of the liquid, with outer boundary S, where
This, however, does not limit the use our technique to the finite liquid film case. Even in the case of an infinite sea of liquid, the liquid deformation beyond a certain value of S is so slow that it should be possible to approximate it to a Newtonian fluid (say, of viscosity o η ). Thus, one can arrive at the following boundary condition at S The boundary condition at the bubble-liquid interface
where σ is the gas-liquid interfacial tension,
is the gas pressure inside the bubble, and γ is the polytropic exponent [1, 4, 12] for adiabatic expansion of the gas. R o and S o are the initial values of R and S, respectively. Since the liquid density is assumed to be constant,
One considerable simplification is to correctly transform the moving boundary situation to a fixed boundary problem. The simplest co-ordinate transformations possible are 
both of which confine the moving region
. The advantage of the y-transformation is that it corresponds to the material elements in the liquid, thereby considerably simplifying the transformation of the constitutive equation. The x-transformation offers the advantage of a more desirable grid during numerical solution, allowing a higher concentration of grid points near the (r = R) boundary. However, we need to introduce an additional variable ) , ( t x u x corresponding to the velocity of the material element in the x-frame: , implying that at these two ends, the material elements are fixed in the x-frame as well.
While the partial derivatives t u ∂ ∂ / depend on the co-ordinate transformation, the material derivative Dt Du / (appearing in Eq. (2)) remains the same in all the three frames, i.e., the r-frame, the x-frame and the y-frame: 
The EOM transforms in the y-frame as:
and in the x-frame as
In the y-frame, the constitutive equation such as Eq. (4) 
In the case of transformation to the y-frame, the bubble dynamics is described by the set of algebraic differential equations (1), (9), (10), (13), (14), (16), (17) over the domain 1 0 ≤ ≤ y , with the boundary conditions (7) and (8) applied at 1 = y and 0 = y , respectively. In the case of transformation to the x-frame, the corresponding set of equations is (1), (9) , (11), (12), (13), (15), (18), (19) 
, with the boundary conditions (7) and (8) 
correspond to the Reynolds number (Re), the Deborah number (De) and the Weber number (We).
Effect of branching: the pom-pom model
One important characteristic of many polymers is the increase in their uniaxial and planar extensional viscosity with increasing extension rate and flow time [23] [24] [25] [26] . Many phenomenological models have been used to represent extensional thickening. For example, for steady uniaxial elongational flows, the three constant Oldroyd model (of which Eq. (4) is a simplification) predicts [29] : (20) i.e., the elongational viscosity ) ( e η increases monotonically with elongational strain rate ) (∈ & . For branched polymers, this and other models in the past failed to simulate the experimentally observed maximum in elongational viscosity, and simultaneous shear softening (thinning) behaviour, and fail drastically in biaxial extension [22] . In this regard, the recently proposed pom-pom model [22] provides a good description, and we use this to examine the influence of chain branching microstructure on polymer foaming behaviour. The idealized pom-pom molecules have a single backbone and multiple branches (say, q in number), each of molecular weight a M emerging from each end [22] . According to the model of Doi and Edwards [30] for entangled polymers, the motion (reptation and retraction) of the backbone (of molecular weight b M ) is limited to its tube due to the topological restrictions imposed by entanglements of the surrounding molecules. In addition to this, for branched polymers, a once stretched backbone is not free to retract even within its tube. This is responsible for the observed strain hardening behaviour in extensional flows. Once the stretching tension in the backbone is sufficient, it withdraws the free ends into the tube. Then, Λ , the stretched backbone path length (as a multiple of its equilibrium length), retracts over timescale s τ . Reptation of the backbones in their tubes takes place at characteristic time b τ , after the orientational relaxation of the branches in
, which has an exponential dependence on M a . The following set of equations [22, [31] [32] [33] constitutes the differential form of the pom-pom model:
Here, M e is the entaglement molecular weight, K is the velocity gradient tensor with the only non-zero elements being the diagonal elements
, S is the second moment of the orientation distribution of the backbone segments, and A is the auxiliary tensor used to obtain S. An equivalent integral model is available, but involves considerable computational complexity and a full (double) integral at every time step. Its computation is prohibitive for spatially inhomogeneous flows [22] .
Results and discussion

Bubble collapse in dilute solutions of a linear Oldroyd model polymer
We first wish to validate our system of equations and their computer implementation by comparison with previously published results of bubble collapse in a viscoelastic medium. For this we use the recent simulations of Brujan [12] to initiate the bubble collapse, so that the bubble collapse was very sharp and required small time steps and large computation time. Using the same set of parameters, we solve the set of algebraic-differential equations ((1), (9), (10), (13) , (14), (16) , (17) in case of the y-frame, and (1), (9) , (11), (12), (13), (15), (18) , (19) in case of the x-frame) along with boundary conditions (7b) and (8), using the 4 th order Orthogonal Collocation Finite Element Method option of g-PROMS (Process Systems Enterprise Limited, London).
Results of our direct simulations in y-frame (Lagrange co-ordinate transformation) and in x-frame (linear co-ordinate transformation) for these parameter values, in an infinite sea of liquid with various values of the intermediate boundary . This is because in case of the Lagrange transformation (Eq. (10)) to the y-frame, the nodal points are concentrated near the y = 1 (r = S) boundary. However, the viscoelastic phenomenon is clearly more important in the region y = 0 of high strain rates, and hence requires a higher number of elements (N) for computations to converge in the y-frame. 5)) as one moves away from the gas-liquid interface. We also note that the strain rate at the gas-liquid interface (x = 0) rises to a maximum at 91 . 0 * = t when the bubble dimension is smallest (R min ≤ 0.1). Here, the flow strength . This indicates that the polymer molecules near the gas-liquid interface experience sufficiently strong flow for a sufficient time to undergo substantial stretching [34] [35] [36] . Hence, the viscoelastic properties of polymeric additives play a role in the bubble dynamics. Further, the elongational strain rate ( [37] . These are sufficient to induce not only chain orientation but also chain scission in polymers even during transient elongational flows [37, 38] . Such chain scission during application of ultrasound to dilute polymers solutions has been widely reported in literature, and found to be much more intense than in other controlled elongational flows [13, 39, 40] . In a fully extended chain, flow induced chain scission happens preferentially at the chain centre [37] . Clear evidence of this during ultrasound application is relatively scarce [13] . This is perhaps due to the complications introduced by multiple scissions during ultrasound application, or due to chain folding resisting complete extension [41] . Further, not only the molecular weight and concentration, but also the macromolecular topology of the polymer may be important in determining the scission behaviour of the polymer molecules [42, 43] . In a foaming process, the growth of a nucleated bubble is driven by the bubble pressure G p maintained higher than ∞ p by the diffusion of the dissolved blowing agent from the surrounding liquid into the bubble. Though this variation in G p during the foaming process can be taken into account straightforward by including a mass balance equation [10, 16] , for the purpose of illustration here using a complex set of equations (Eq. (21) - (27)) describing fluid rheology, we assume that
is maintained constant. Physically, this can be interpreted as the hydrodynamically limited growth of a bubble when diffusion is very rapid [8, 44] . Further, the situation is mathematically similar to the bubble collapse situation considered by the group of Middleman [19, 20] who maintained constant pressure in the bubble by connecting the gas bubble to an external reservoir at G p . We neglect the surface tension effects by taking 0 * = σ . We consider the liquid film around the bubble to be finite with 10
, and thus account for the proximity of many bubbles in a practical foaming situation [10, 14, 45, 46] . To examine the influence of branching, we consider the liquid to be an idealised pom-pom polymer. McLeish and Larson [22] used q = 5, Bubble growth is calculated by solving Eqs. (1), (9), (11), (12), (13), (15) and boundary conditions (7a), (8a) and (29) in the x-frame, along with Eqs. (21) - (28). In Figs. 3 and 4 we show the calculated bubble growth behaviour for the cases of three branched polymer melts differing in the backbone length, but having the same number of branches (q = 5) of the same molecular weight The slow bubble growth (Fig. 3 ) is accompanied by a slow increase in backbone path length (Fig. 4) 8 , indicating the role of molecular relaxation and thus decreasing modulus. Following a period of slow growth, a very rapid bubble growth is observed once again in all three cases (Fig. 3) due to the thinning of the finite polymer film (Eq. (9)) resulting in the availability of larger stresses for further deformation. The corresponding increase in backbone extension (Fig. 4) increases the effective modulus (Eq. (21)), but is too slow (Λ ~ log R * , if relaxation is negligible) compared to the increase in tangential stress (~R 2 for (S-R) << R) to arrest the deformation. This prediction is unphysical for a practical foaming process, but clearly due to our assumption of very fast diffusion of the blowing agent resulting in a constant driving pressure. In a real foaming process, the blowing agent's diffusion will become a rate limiting process, eventually leading to the tangential stress decreasing with bubble growth (~ 1/R), and will arrest the deformation particularly when aided by increasing polymer resistance (~2 Λ , Eq. (21)). (Fig. 6 ).
In the
30 case (Fig. 5) 
Conclusions
We have represented hydrodynamically induced growth/collapse of spherical bubbles in a viscoelastic liquid by a system of simultaneous algebraic-partial differential equations, with fixed and finite boundaries. The advantage of such a system with fixed boundaries is that it can be solved by commercially available software with very little additional programming effort. The involved co-ordinate transformation does not necessarily correspond to the material co-ordinates. In fact, an alternative transformation results in much easier convergence of the numerical simulations. The surrounding fluid can be considered to be of finite or infinite extent, with simply a change in one computational parameter. We have verified our simulation technique by reproducing a recently published simulation of the hydrodynamically induced bubble collapse in a linear Oldroyd liquid. Our estimations of the flow strength (elongational strain rate) and strain indicate that the polymer chains in the viscoelastic liquids can undergo significant extension and even chain scission during bubble collapse.
In addition, we have simulated bubble growth during the polymer foaming process. The proximity of many bubbles is handled by the approximation of a single bubble with surrounding liquid of finite extent. Calculations are performed to evaluate the influence of chain branching in the liquid (polymeric melt) in the framework of the pom-pom model, assuming very fast diffusion (constant bubble pressure) as an illustrative case. We identify three phases of the growth process: an initial instantaneous elastic growth with corresponding molecular extension, an intermediate slow growth process, and a final elastic growth due to increasing tangential stress with rapidly thinning film. Increasing backbone length or decreasing arm length result in an increased fraction of backbone material in the polymer melt, an increase in modulus and a decrease in the initial instantaneous bubble growth. The intermediate growth phase can be dominated either by the molecular relaxation processes or by the increasing tangential stresses in the thinning polymer film. If this intermediate phase is longer than the macromolecular relaxation time (e.g., when the backbone length is large), then further growth is aided (i.e., onset of the final elastic growth occurs sooner) by decreasing the arm length what exponentially decreases the arm retraction time. However, if the intermediate phase is shorter than the macromolecular relaxation time (e.g., when the backbone length is small), onset of the final rapid growth occurs sooner when the initial elastic growth is higher. Thus, the overall bubble growth process can be hastened with longer arm length, in spite of their much larger relaxation times. We note that the pom-pom model provides a good representation when the branched polymer (such as a commercial polyolefin) has a small number of long arms. When the backbone is densely grafted, one needs to incorporate additional characteristics such as distribution of arm friction along the backbone [47] , backbone extension due to excluded volume interactions of the arms [48] , etc.
An anticipated advantage of our simulation method is its ability to handle time or space dependent physical properties of a fluid. While integration, such as that involved in the conventional solution involving Eq. (3), will become prohibitive [12] , accounting for such dependence in the differential constitutive equations -as in the
